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Recently, we have established the generalized Li’s criterion equivalent to the Riemann 
hypothesis, viz. demonstrated that the sums over all non-trivial Riemann function zeroes  
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the Riemann hypothesis holds true; arXiv:1304.7895 (2013), Ukrainian Math. J., 66, 371 
- 383, 2014.  An arithmetic interpretation of this generalized Li’s criterion is given here. 
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1. Introduction 
In a recent papers [1, 2], we have established the generalized Li’s 
criterion equivalent to the Riemann hypothesis and first discovered in [3] 
(see e.g. [4] for general discussion of properties of the Riemann zeta-
function), as well as the closely related generalized Bombieri – Lagarias 
theorem concerning the location of zeroes of certain complex number 
multisets [5]. Namely, we have demonstrated that the sums  
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zeroes ρ  taking into account their multiplicities, for any real a not equal to 
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any a<1/2 are non-negative if and only if the Riemann hypothesis holds true 
(correspondingly, the same derivatives when a>1/2 should be non-positive 
for this; complex conjugate zeroes are to be paired when summing for n=1).  
We also established the relation between these sums and certain derivatives 
of the Riemann xi-function: 
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The aim of this technical Note is to establish an arithmetic 
interpretation of this same generalized Li’s criterion, similar to as this has 
been done for Li’s criterion by Bombieri and Lagarias [5]. 
 
2. An arithmetic interpretation 
Our consideration closely follows that of Bombieri and Lagarias [5]. 
For suitable function f, Mellin transform is defined as ∫
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while inverse Mellin transform formula is ∫ =
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appropriate value of c. The following is more or less a repetition of Lemma 
2 from [5], which is a particular case corresponding to a=1.  
Lemma 1. For n=1, 2, 3…, and an arbitrary complex number a the 
inverse Mellin transform of the function 
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 Proof. We have for Re(s+a)>1: 
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If a is an arbitrary complex number with 1Re >a , for the function 
gn(x) we can apply the so called Explicit Formula of Weil, see [5-7], which 
is, as given in [5]:  
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cf. [7]. 
This is easy to check that the function gn(x) do possess the necessary 
properties in a sense of continuity and asymptotic (in particular, for some 
positive δ , )()( δxOxgn =  as +→ 0x ) for eq. (2) to be true [5, 8, 9].  
 Such an application gives 
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Now, in the second and third integrals in the r.h.s. of (3) we make a variable 
transform x to 1/x, after what these integrals take the forms  
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The first two integrals are handled by virtue of an example 4.272.6 of GR 
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The “second part” of the third integral I3 is, by virtue of an example 
3.244.3 of GR book [10], equal to 
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Mascheroni constant and ψ  is a digamma function. In the first part of this 
integral we make the variable change x=exp(-t): 
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we have proven the following theorem.  
Theorem 1. For n=1, 2, 3… and an arbitrary complex a with 1Re >a  
we have  
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This result was published in Ukrainian Mathematical Journal [2]. 
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  Our second result is the following minor 
Theorem 2. For n=1, 2, 3… and an arbitrary complex a=1+it, t is 
real, we have  
 
∑
∫∑∑
∑∑
=
−
+
−
≤
+
−
=
∞→
++−+−++
+−
Λ
−
−
+
+
+
+−−=





−−
+
−=





+
−−
−
n
j
jjjj
n
N
it
j
Nm
it
jn
j
N
j
jj
n
n
nn
itjitCititn
dx
x
x
m
mm
j
itC
itit
it
it
it
2
1
1
1
1
1
1
)2/2/1,()12(2)1()ln)2/2/1()(12(
2
)lnln)((lim
)!1(
)1()12(
)
1
11(1)
1
1()11(
ςπψ
ρ
ρ
ρ
ρ
ρρ
   (5). 
 Proof. Clearly, for the case a=1+it which takes place here, the 
functions  )(xgn  do not have an asymptotic )()( δxOxgn =  as +→ 0x  
necessary to apply the Weil explicit formula, eq. 2, directly, so, following 
again Bombieri – Lagarias paper [5], we need to introduce truncated 
functions )(, xgn ε , 10 << ε : 
)()(, xgxg nn =ε     if ∞≤< xε  
)(
2
1)(, εε nn gxg =  if ε=x     
0)(, =xgn ε           if ε<x . 
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verbatim repetition of the material given in pp. 284-285 of [5]; see also 
Section 3 of the present paper. 
 
 Equalities (4) and (5) are the arithmetic interpretation we have 
searched for. Now a few remarks are at place.  
Remark 1. Remind that a should be real for the positivity of sums at 
question is equivalent to the Riemann hypothesis. 
Remark 2. The case n=1 of the Theorem 1 gives well known equality, 
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Remark 3. For the case a=1 we, of course, recover an arithmetic 
interpretation of Li’s criterion given by Bombieri and Lagarias as Theorem 
2. We need just to change  N
j
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relation )()12()2/1,( ss j ςς −= . 
 Remark 4.  Arithmetical interpretation of generalized Li’s criteria for 
numerous other zeta-functions, see discussion in [1, 2], can be established 
along similar lines; cf. the arithmetic interpretation of Li’s criterion for 
Selberg class in [11]. 
 
3. Concluding remarks 
It seems interesting to analyze the possibility of the use of the same 
approach involving the truncated functions )(, xgn ε  to handle the cases with 
smaller values of Rea, viz. 1Re2/1 << a . Of course, this requires some 
hypothesis concerning zeroes location. 
For example, we can establish the following 
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Theorem 3. Assume that the Riemann function ( )sς  is non-vanishing for 
Re 1/ 2s > + ∆  where real 0 1/ 2< ∆ < . Then for n=1, 2, 3… and an arbitrary 
complex a with 01 Re 1/ 2a δ> ≥ + ∆ + , where 0δ  is an arbitrary small fixed 
positive number, we have:  
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Proof. Let us take such s that 0Re( 1)s a δ+ − ≥ . Repetition of the calculations 
presented above furnishes eq. (6), so it rests to show that 
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factor 1sρε + −  tends to zero at least as 0δε , that is faster than any negative 
power of lnε . This, together with the circumstance that in the conditions of 
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numerical calculations, will be fully considered in a separate publication. 
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